Processing technology using productive surface plastic deformation (SPD) was developed and is known as "wide burnishing" (WB). The mechanics of new WB technology differs from classic SPD technologies (rolling or burnishing). For example, force, applied during burnishing, is equal to 150-300 N, but for WB it is equal to 2500-5000 N due to implementing this process in mass production, characterized with limited processing time (3-4 turns of the work piece). WB also has a high degree of deformation due to a multiple deformation passes. An analytical study of burnishing with the upper bound approach method energy-force parameters was carried out. Its results were compared with the results of finite elements analysis in Deform 2D and with experimental data. Field of reasonable burnishing parameters, assuring minimum surface roughness, was determined experimentally.
Introduction
Surface plastic deformation by rigid tools is used in engineering technology to increase wear and fatigue resistance of metal contact parts. Roller burnishing is a cost effective surface enhancement process where a ceramic ball rolls on the machined surface under a high pressure and flattens the roughness peaks. It not only improves surface finish but also imposes favorable compressive residual stresses and raises hardness in functional surfaces, which can lead to long fatigue life [1] . Recently research in roller burnishing was based on experimental studies. Experimental data have been reported worldwide by many researchers [2] [3] [4] [5] [6] . Roettger [7] developed a 2D FEM model for roller burnishing using commercial FEM software DEFORM-2D 3D. The model from [7] has been further improved by Yen et al. [1] using DEFORM-2D and DEFORM-3D. The simulation results (i.e., surface deformation and residual stress) were evaluated and compared between initial hard turned and burnished surfaces. In recent studies, FE analysis of rigid cylinder rolling along elastic-plastic half space was considered [8, 9] . Steady state ideal plastic flow induced by rolling of rigid cylinder is considered in [10] using a small parameter approach. Approximate analysis related with the rolling friction is given in [11] . Nepershin [12] [13] [14] developed a steady state plastic flow model of surface layer for rigid circular and elliptical cylinder sliding with contact friction consideration.
Wide burnishing (Figure 1 ) radically differs from classical burnishing by interaction conditions (processing is performed without line feed, but only with cross-feed; beside this, the tool diameter is equal to the work surface length) and processing conditions (classic burnishing force is equal to 150 N, for wide burnishing it can reach up to 5000 N).
This work is aimed at evaluating the plastic deformation mechanism in wide burnishing by theoretical and experimental study of process parameters influence on processed surface texture. Wide burnishing machine ( Figure 2 ) includes a closed hydraulic system for tools operating. The device consists of rod (2) placed in the casing inner cavity (3) and is equipped with a tool (1) . Manometer (4) is connected to the casing inner cavity, filled with liquid. Screw (6) is fitted with a piston and a flywheel and regulates pressure in the casing cavity. Screw (5) provides circumferential and axial clamping of rod (2) . Manometer elastic element of this device acts as a damper. Pressure changing in the hydraulic system provides the required burnishing force. General view of the device is shown in Figure 2 . The present research is aimed at analytic determining the wide burnishing (WB) energy-force parameters, such as indenter pressing force and average deformation rate at the plastic deformation site when moving indenter penetrates the work piece surface.
Theoretical Background
In the present study the upper bound method is used to develop a steady state plastic flow model of WB. Upper bound method is based on the deformation energy calculations. This method Wide burnishing machine ( Figure 2 ) includes a closed hydraulic system for tools operating. The device consists of rod (2) placed in the casing inner cavity (3) and is equipped with a tool (1) . Manometer (4) is connected to the casing inner cavity, filled with liquid. Screw (6) is fitted with a piston and a flywheel and regulates pressure in the casing cavity. Screw (5) provides circumferential and axial clamping of rod (2) . Manometer elastic element of this device acts as a damper. Pressure changing in the hydraulic system provides the required burnishing force. General view of the device is shown in Figure 2 . Wide burnishing ( Figure 1 ) radically differs from classical burnishing by interaction conditions (processing is performed without line feed, but only with cross-feed; beside this, the tool diameter is equal to the work surface length) and processing conditions (classic burnishing force is equal to 150 N, for wide burnishing it can reach up to 5000 N).
In the present study the upper bound method is used to develop a steady state plastic flow model of WB. Upper bound method is based on the deformation energy calculations. This method The present research is aimed at analytic determining the wide burnishing (WB) energy-force parameters, such as indenter pressing force and average deformation rate at the plastic deformation site when moving indenter penetrates the work piece surface.
In the present study the upper bound method is used to develop a steady state plastic flow model of WB. Upper bound method is based on the deformation energy calculations. This method needs velocity field calculation. The power of deformation is calculated from the velocity field, which is determined using known information regarding the metal flow. This approach is presently widely substituted by the FEM. There are, however, some advantages of this method, which allow formulation of efficient optimization tasks for industrial processes [15] . Upper bound approach was first formulated by Prager and Hodge [16] and is based on following assumptions:
(a) Among all kinematically admissible velocity fields in the deformation zone, there is only one which causes the total power calculated as a product of stress and strain reaches minimum. This total power is the sum of the power of plastic deformation, power at tool-workpiece interface, and the power dissipated at the velocity discontinuity surfaces. (b) Strain rate field calculated from kinematically admissible velocity field is also kinematically admissible. (c) Real power of deformation supplied to the system by the external forces is always lower than power calculated as sum of powers by first item. If the velocity field is determined with an error, the power calculated from this field will be larger than the real power of the process. The minimum of the power is obtained for the real (correct) velocity field.
The plastic metal processing problems solution is based on a kinematically admissible velocity field, used to construct deformation rate fields with further transition to energy-force parameters [17] [18] [19] . It is much simpler than solutions based on admissible stress fields, satisfying boundary conditions and equilibrium criterion. Deformation rate fields are easily constructed even under dynamic loading conditions [20] . A solution of the contact problem for burnishing, involving conformal mapping, was described in [21] . The theory presented below is based on the upper bound approach for evaluating the energy-force burnishing parameters stemming from the kinematically admissible velocity field with tangent component discontinuities [22] .
Assumptions made to WB with upper bound approach: needs velocity field calculation. The power of deformation is calculated from the velocity field, which is determined using known information regarding the metal flow. This approach is presently widely substituted by the FEM. There are, however, some advantages of this method, which allow formulation of efficient optimization tasks for industrial processes [15] . Upper bound approach was first formulated by Prager and Hodge [16] and is based on following assumptions:
Assumptions made to WB with upper bound approach: Suppose a cylinder-shaped indenter with radius R penetrates a half-plane at depth of t. We construct kinematically admissible velocity field in the cylindrical coordinate system , , z ρ ϕ with its center located at the distance , ea eb from the indenter axis. Z-axis is aligned with the indenter Suppose a cylinder-shaped indenter with radius R penetrates a half-plane at depth of t. We construct kinematically admissible velocity field in the cylindrical coordinate system ρ, ϕ, z with its center located at the distance ea, eb from the indenter axis. Z-axis is aligned with the indenter axis, indenter generator line L >> R 0 , which allows assuming plane-deformed state (ε zz = 0). Suppose ρ 1 is the radius-vector of a circle with center O(0, 0, 0). Let us take velocity of material, displaced while burnishing, at circumference of radius ρ 1 equal to zero:
The boundary of continuous medium in the contact with the indenter zone (arc of a circle of radius R) moves with the indenter linear velocity V. Supposing the displaced material flows only along the ρ-axis (assumption 1), the following boundary condition is satisfied:
where ρ 0 (ϕ)-arc of the indenter and burnished material contact area in coordinates ρ, ϕ.
Variables var = (ea, eb, ρ 1 ) under boundary conditions Equations (1) and (2) determine the kinematically admissible velocity field.
Deformation rate tensor components in a cylindrical coordinates system have following form:
. ε ρρ = ∂ν ρ ∂ρ ;
.
Since according to the accepted assumption the displaced material velocity in the plastic deformation site, changes only along the radius ρ i.e.,
we can substitute Equation (4) and values of strain rates Equation (3) in the incompressibility condition (5) .
and derive the following Equation (6).
The solution of differential equation (6) can be presented in the form Equation (7).
where constant C v is determined from the boundary condition (2), and the boundary condition (1) is satisfied identically. According to Equations (2) and (6) we have:
from which the dependence for the material moving velocity in the plastic deformation site (PDS) is written as
It should be pointed out that realization of dependence (9) violates the assumption made in the form Equation (4) that the plastic flow in the PDS is independent of angle ϕ. To avoid this contradiction, we approximate the roller contour with the circumscribed polygon with N sides, where the number of sides N can be arbitrarily large. In this case, the deformation site can be presented as a set of N local zones, bounded by angles ϕ 0 < ϕ 1 < . . . . < ϕ i < . . . < ϕ N with radial velocities in each zone.
In this case, condition (4) for each i zone is not violated, and between adjacent zones i and i + 1 there is a gap in the peripheral velocity components ∆ν ρi = ν ρi+1 − ν ρi , which also does not violate the condition for the existence of a kinematically admissible velocity field, according to which only discontinuities in the normal components of the plastic flow velocity are unacceptable.
From Figure 1 we define the boundary conditions for the PDS geometry.
From these conditions, the following geometry dimensions can be obtained:
To determine the ea, eb permissible values we use the condition of minimum plastic deformation energy.
Theorem on deformation power upper bound approach method was originally formulated for rigid-plastic materials and predicated that the kinematically admissible velocity field in the PDS minimizes the plastic deformation power. Druker and Providence [22] gave an extended statement of the theorem for the velocity field with discontinuities:
where J p , J V , J m , J out -plastic deformation, sliding along the flow rate discontinuity surfaces, friction forces, and external forces power respectively;
ε ij -shear deformation rate intensity in the deformation site of volume W;
S-discontinuity surface of velocity peripheral component ∆V i ; S m -friction surface (in the roller and medium contact area) with friction coefficient m;
S F -surface on which external forces F i are active.
According to the extreme principles of solid mechanics, a kinematically admissible velocity field close to the real one minimizes the function of J * J = minJ * The function, determining the plastic deformation energy, is defined by the dependence
where the shear deformation rates intensity is given as
and σ s is the rigid-plastic body yield strength.
Taking into account Equations (3), (10) and (21):
Therefore, using Equation (13), we deriver following from Equation (10):
The friction force power on the roller surface is defined by the following dependence
The last integral (24) can be expressed in terms of variables α, ea, eb. To do so, we make a substitution
After transformation (26) and integration, we have:
Obviously, a shift due to the difference in the flow velocities along the boundaries will be observed along the boundaries between zones, constrained by angles ϕ 0 < ϕ 1 < . . . . < ϕ i < . . . < ϕ N Therefore
Making an approximate replacement ρ 0 (ϕ i ) ≈ ρ mid = ρ 0 +ρ 1 2 , we obtain
When indenter penetrates the work piece the plastic deformation site is small, so it is reasonable to consider the average volume deformation intensity rates in the form (31).
Consider the average intender relative downward pressure. According to Equation (19), the total power, spent on plastic deformation and external friction is balanced by external forces applied to the indenter and aligned with the indenter moving velocity vector V. Accordingly, for the contact area, turned through angle ϕ i relative to the indenter velocity vector, the indenter downward pressure is defined as the projection of the normal component of the resulting external stress p s on the pressing down direction (Figure 4) .
Then, considering the dependencies Equations (23), (27), (28), and (32), the downward pressure on the interface p is determined by equation:
Consider the average intender relative downward pressure. According to Equation (19), the total power, spent on plastic deformation and external friction is balanced by external forces applied to the indenter and aligned with the indenter moving velocity vector V . Accordingly, for the contact area, turned through angle i ϕ relative to the indenter velocity vector, the indenter downward pressure is defined as the projection of the normal component of the resulting external stress s p on the pressing down direction (Figure 4 ). Dependences (33) are obtained using the kinematically admissible velocity field and satisfy the boundary conditions (1) and (2) . The unknown parameters ea, eb, determining the plastic deformation site geometry and coordinates, can be determined from the widened theorem on plastic deformation power upper boundary in the form Equation (19) . Thus, the problem of determining the WB kinematically admissible velocity field is reduced to the optimization problem of two variables in the formulation: argminJ(var) ∈ var = (ea, eb) ∀p 0 = (ea 0 , eb 0 ) : J(var) ≤ J(var 0 )
The solutions for relative pressure on indenter σ = p/yield stress, where p is determined by Equation (33, are presented in Figure 5 . The penetration depth t = 0.004-0.01 mm in in Figure 5 corresponds to a surface roughness decrease in mm 
Dependences (33) are obtained using the kinematically admissible velocity field and satisfy the boundary conditions (1) and (2) . The unknown parameters , ea eb , determining the plastic deformation site geometry and coordinates, can be determined from the widened theorem on plastic deformation power upper boundary in the form Equation (19) . Thus, the problem of determining the WB kinematically admissible velocity field is reduced to the optimization problem of two variables in the formulation: The solutions for relative pressure on indenter σ = p/yield stress, where p is determined by Equation (33, are presented in Figure 5 . The penetration depth t = 0.004-0.01 mm in in Figure 5 corresponds to a surface roughness decrease in mm To substantiate the theoretical model reliability in Equations (1)-(34), a numerical experiment on wide burnishing was carried out using the finite elements method.
To justify the possibility of a kinematically admissible velocity field, as shown in Figure 3 , finite To substantiate the theoretical model reliability in Equations (1)-(34), a numerical experiment on wide burnishing was carried out using the finite elements method.
To justify the possibility of a kinematically admissible velocity field, as shown in Figure 3 , finite elements analysis was performed in Deform 2D, while fulfilling boundary conditions (1) and (2) . Figure 6 shows the field of material displacement velocities during burnishing, obtained based on the results of the finite elements analysis (FEA). To ensure comparability with the theoretical analysis results, hereafter the rigid plastic material (yield stress = 1 MPa) was considered in FEA. Minimum mesh size of the finite elements mesh was equal to 0.0035 mm. 1-approximation of the displacement area boundary by a circle according to the theoretical model; 2-boundary for area, calculated by the finite elements method; 3-field of material moving velocity Accepted indenter movement velocity-1 mm/s. The analysis shows that the material displacement area boundary can be inscribed in a circle with center, located at a distance eb = 0.899R, ea = 0.145R, where R is the indenter radius. Found ratios for eb and ea were verified for R values from 0 to 5 and t = 0.004 ... 0.02.
Some of the finite element analysis results for various depths of indenter penetration are shown in 1-approximation of the displacement area boundary by a circle according to the theoretical model; 2-boundary for area, calculated by the finite elements method; 3-field of material moving velocity Accepted indenter movement velocity-1 mm/s. The analysis shows that the material displacement area boundary can be inscribed in a circle with center, located at a distance eb = 0.899R, ea = 0.145R, where R is the indenter radius. Found ratios for eb and ea were verified for R values from 0 to 5 and t = 0.004 ... 0.02. Some of the finite element analysis results for various depths of indenter penetration are shown in Figures 7 and 8 . Average relative pressure is determined numerically as
where Y i (Stress Y in Figures 7 and 8) is the vertical pressure component for the i-finite element (group of elements) on a contact arc with length of S i . Table 1 shows the results of a comparative analysis of the average relative pressure calculation by the numerical finite elements method in Deform 2D and by analytical Equations (1)-(34). From the data provided in Table 1 , it follows that the analytical method gives a top boundary estimate of the average indenter penetration pressure. For small penetration depths, the difference increases up to 9 %. As the indenter penetration depth increases, a bulge forms in front of the indenter during burnishing (Figure 8b) , which is taken into account when calculating the average penetration pressure in the finite elements analysis and is not taken into account in the analytical model. This leads to negative error values of the analytical model (row 5 of Table 1 ) at large penetration depths. It should be noted that in practice significant burnishing depths are not used. Table 1 shows the results of a comparative analysis of the average relative pressure calculation by the numerical finite elements method in Deform 2D and by analytical Equations (1)-(34). From the data provided in Table 1 , it follows that the analytical method gives a top boundary estimate of the average indenter penetration pressure. For small penetration depths, the difference increases up to 9 %. As the indenter penetration depth increases, a bulge forms in front of the indenter during burnishing (Figure 8b) , which is taken into account when calculating the average penetration pressure in the finite elements analysis and is not taken into account in the analytical model. This leads to negative error values of the analytical model (row 5 of Table 1 ) at large penetration depths. It should be noted that in practice significant burnishing depths are not used.
Experimental Procedure
AISI 1040 steel bars with a tensile strength of 590 MPa (quenching, tempering) and casts from high-strength cast iron 75-50-03 with a yield strength of 750 MPa were subjected to wide burnishing according to scheme (Figures 1 and 2) . Figures 9 and 10 demonstrate variation of the surface roughness Ra, µm (arithmetical mean determined from deviations from the center line) depending on the force per unit length of the indenter. The initial roughness of the AISI 1040 steel bars was equal to Ra = 0.5 µm and for cast iron it was equal to Ra = 0.86 µm. The roughness of the treated surface was measured after each sequence of 4, 6 and 10 passes. Fitted curves for the experimental points were constructed using the distance-weighted least squares method. The resulting curves have a clearly defined minimum of roughness value. 
Discussion

With a properly selected burnishing mode, the protruding irregularities of the surface microrelief are deformed with increasing their cross section in the plane, formed by the indenter pressure force vectors and the burnishing speed. Thus, microroughness peaks are decreased and 
With a properly selected burnishing mode, the protruding irregularities of the surface microrelief are deformed with increasing their cross section in the plane, formed by the indenter pressure force vectors and the burnishing speed. Thus, microroughness peaks are decreased and valleys are filled. Usually burnishing is carried out in several passes, since with an increased indenter pressure, material squeezes out in front of the indenter and a bulge forms, contributing to an undesired increase in roughness. As the microroughness valleys fill up, an increase in the number of passes with a fixed amount of pressure also does not contribute to a further decrease in roughness (Figures 9 and 10) . When analyzing the graphs in Figures 9 and 10 , two characteristic areas can be distinguished-area 1 of the minimum roughness values, corresponding to the region of optimal indenter pressure values. Area 2 is characterized by constant roughness with a different number of burnishing passes. This means that starting from the first passes, the indenter-surface contact area increases to the maximum theoretical value (see Equation (37)) due to deforming all microroughnesses. Corresponding to this area, pressure value is the boundary, exceeding of which leads to the indenter being pressed into solid metal.
The specific pressure that reduce surface roughness is determined by the following ratio:
where F-the indenter pressure related to its length;
-the theoretical contact line in the indenter cross section, R is the indenter radius, Ra 0 , Ra 1 -the initial and resulting surface roughness, respectively; n-the number of burnishing passes; σ t -yield stress.
Results of the burnishing experiments analysis are summarized in Table 2 . Table 2 . Results of the burnishing experiments analysis (Figures 9 and 10 ). The optimal indenter pressure initiates a plastic flow, which ensures the filling of valleys with a minimum number of passes. Analysis of roughness vs indenter pressure dependences curves shows that the bulk displacement of the microroughness material (up to 86%) falls in the first four passes. On the 10th pass, as shown by the curves of the roughness growth after exceeding the indenter pressures optimal values, roughness dramatically increasing is observed, which is explained by forming a significant bulge in front of the indenter during its movement.
Material
Conditionally taking the roughness values difference before and after burnishing as the indenter penetration depth, t ≈ Ra 0 − Ra 1 , you can compare the pressure on the indenter data from analytical and numerical analysis ( Table 1 , columns 4 and 5) with the experimental results ( Table 2 , column 6). The comparison shows that:
(1) The pressure on indenter, found by the analytical method, is up to 9% greater than the pressure determined by the finite elements method, which is explained by implementing the upper bound approach in the analytical method; (2) The pressure on indenter, found experimentally using Equation (37), is on average 20% less than the pressure calculated by the finite elements method.
A significant 20% difference between the numerical and experimental data is explained by the fact that real indenter contact surface, determined by the contacting surface micro relief, is always less than the calculated theoretical L in Equation (37).
Conclusions
As a result of the performed studies, analytical dependences and simulation results of numeric FE-method were obtained for the energy-force parameters of the wide burnishing, such as the specific indenter downward pressure and the average deformation rate in the plastic deformation site, forming when moving indenter penetrates the work piece surface. The analytical upper bound approach method demonstrated a convergence of up to 9% with FEM when determining the indenter penetration pressure. Experiments on choosing the optimal burnishing parameters made it possible to determine the upper limit of the indenter penetration pressure, which values are less than 1.6 of the material yield stress under indenter four passes when burnishing. Specific values of the penetration forces optimal parameters depend on the surface micro relief and should be specified experimentally.
